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A study is made of the properties of conducting systems with fixed 
boundary conditions on the bases of the phenomenological equations 
of the thermodynamics of irreversible processes. 

An e x a m i n a t i o n  h a s  b e e n  m a d e  in  [1] of the  b e h a v i o r  
of t h rough  f lows in the  s i m p l e  c a s e  when the  p r o c e s s e s  
o c c u r r i n g  in  the  s y s t e m  a r e  no t  i n t e r r e l a t e d ,  or  when 
they  a r e  a l l  due  to the  ac t ion  of a s i n g l e  fo rce .  We 
sha l l  now g e n e r a l i z e  the  r e s u l t s  ob ta ined  t h e r e  by 
a s s u m i n g  that  t h e r e  a r e  s e v e r a l  i n t e r r e l a t e d  f lows 
and  tha t  s e v e r a l  f o r c e s  a r e  ac t ing  s i m u l t a n e o u s l y .  

In  addi t ion ,  we s h a l l  a l so  e x a m i n e  the  q u e s t i o n  of 
the  n a t u r e  of the  d i r e c t  i n t e r c o n n e c t i o n  b e t ween  d i f -  
f e r e n t  f lows when the  s y s t e m  goes  o v e r  in to  the  n o n -  
e q u i l i b r i u m  s t a t i o n a r y  s t a t e .  

Le t  a s y s t e m  be  d e s c r i b e d  by n i n d e p e n d e n t  i n t e n -  
s i ve  p a r a m e t e r s  Yt, Y2 . . . . .  Yn" We a s s u m e  that  for  
the  f lows the  l i n e a r  r e l a t i o n s  

n 

= ~ Li~X ~, ] =  1,2 . . . .  , n (1) Ii 

a r e  s a t i s f i ed ,  and that  the  f o r c e s  and the  coe f f i c i en t s  
m a y  be r e p r e s e n t e d  in  the  f o r m  

X~ = [~ (y~, y~ . . . . .  Yn) grad ~ (y~, y~ . . . . .  Yn), (2) 

Li~ = Li~ (gl, gz . . . . .  gn)" (2a) 

F o r  a o n e - d i m e n s i o n a l  s y s t e m ,  g r a d  ~ - d %  T h e r e "  
fo re  dx 

0 ~  dy~ ~ L]~f~ O ~  dy~ 
l i =  z~Li~f~ Oy~ dx = ~ Ogr dx ' 

k ~ l  r ~ l  r ~ [  k : l  

o r  

where  

dgr 
I i =  ~]r dx ' 

r= [ 

(3) 

~ir = Li~ [~ Oy r 
k = l  

L a t e r  on i t  wi l l  be  a s s u m e d  that  the  coe f f i cen t s  ~ j r  
do no t  go to z e r o . t  If, for  e x a m p l e ,  ~afl = 0, th i s  
m e a n s  tha t  the  n a t u r e  of the  d i s t r i b u t i o n  of the  p a r a m -  
e t e r  yfl has  no  i n f l u en ce  on the va lue  of f lux I a -  

We now a s s u m e  tha t  the  s y s t e m  a t t a i n s  the  s t a t i o n -  
a r y  s t a t e  d e s c r i b e d  by the  fo l lowing  d i s t r i b u t i o n  of the 

p a r a m e t e r s :  

g~ (x) "- Y~ (x), r = l ,  2 . . . . .  n. (4) 

Starting from this state, we vary some curve Yl(rd' 

keep ing  t h e b o u n d a r y  v a l u e s  Yl u n c h a n g e d  and  a f ixed 
d i s t r i b u t i o n  of the  r e m a i n i n g  i n d e p e n d e n t  p a r a m e t e r s  
t h roughou t  the  s y s t e m .  A c c o r d i n g  to Eqs .  (3) and  (4), 
we ob ta in  

n l - - ]  

dy~ = ~ ~ir dY~ 
l i =  E ~ i r ( Y , . . . Y t . . .  Yn) dx ~'x-x @ 

r = l  r = !  

dY,  dy l _ 

r=[ l 

=ej, (x, y, (x)) + , f ,  (x, y, (~)) dy, , 
dx 

w h e r e  

Fi t = E ~ I r  dY,  dY~ 
+ ' i ,  dx 

r~l  r=l-}-I 

We d e s i g n a t e  

z l (x) = Yt (x) - Yl (x), 

A~jz = ~iz (x, gl) - -  aPJl (x, Y~), 

A Fj~ = Fit (x, g~) - -  Fi~ (x, Y3, 

dy z dYt 
Aj~ = ~it(x, y,) ~ - -  %,(x, Y~) dx 

hit = ! + ~il (x, Yl) zl + ~2]t (x, Yt) ' 

AIj  = I i - - l j  st = Air + A F i t .  

By choos ing  the  d i r e c t i o n  of the  OX axis ,  we m a k e  

I j s t  > 0. 
U n d e r  the  a b o v e - m e n t i o n e d  v a r i a t i o n  of the c u r v e  

y l (x) ,  t he  t h r o u g h  f low in the  s t a t i o n a r y  s t a t e  I j s t r .  s t  
(j = 1, 2 . . . . .  n) is  l a r g e r  than  the  f lux I j s t r  in  any  
o the r  s t a t e  c o m p a t i b l e  with the c o n d i t i o n s  of v a r i a t i o n .  

To p r o v e  th i s  s t a t e m e n t ,  as  in [1], with Sj / (x ,  yl)  > 
> 0 we sha l l  e x a m i n e  the  neighborhood,  of s o m e  point  

( z / (~ )  = 0), w h e r e  z l (x) < 0 and when [~ - xll < ]~ - 

l zi(x,) 1 
- xz I, z I (x~) / < A = cons| is  s a t i s f i e d  whi le  wi th  

~bj l (x, Yl) < 0 we shaI1 e x a m i n e  the  n e i g h b o r h o o d  of 
the  po in t  gl t ,  w h e r e  the  s a m e  cond i t i ons  a r e  sa t i s f i ed ,  

SThe c o e f f i c i e n t s  ~'jr m u s t  r e t a i n  the  s ign  of [a, b]. 

? F o r  the  po in t  ~-1 to exis t ,  we r e q u i r e  the  s a m e  c o n -  
d i t i ons  as  for  ~ in [1]. It  is suff icier :L for example ,  
tha t  z(x) in [a, b] be  p i e e e w i s e - a n a l y t i e .  
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but  z~(x) > 0. In the  a b o v e - m e n t i o n e d  n e i g h b o r h o o d  we  
m a y  put 

A n = r  (x, Y3 z~ h~,, 

A Fit = F" v (x, Q) z; (0) (x - -  ~), (5) 

OF/t l w h e r e  F'v = OFitOyt , i t  b e i n g  t r u e  tha t  ~ < D = const, 

and Q and | a r e  s o m e  n u m b e r s  s a t i s f y i n g  the  r e l a t i o n s  

I Q - - Y ~ I  4 - ] Q .  Y , - - z , I  = tz i l  

and 

IO--;i+lO--x/=l@-x/. 

As  was  shown in [1], lira hit = 1. T h e r e f o r e  
x ~  

x*~ Aii , * ~  ~it .(x, Y3  z; (x) hit . "~" 

�9 I 
- < D A l i m  x - -  g = DA . 0 - - 0 .  

\ F/~ 
Since  \ / / =  \ .  1 i ~7 / " ) then  fo r  x wf lues  s u f -  

f i c i e n t l y  c l o s e  to {, the s ign  of AIj is  d e t e r m i n e d  by 

that  o f A j l  . But, its m a y  be s e e n  f r o m  (5), fo r  s o m e  

x = ~, Aj l  (g) < 0. T h e r e f o r e ,  I j ( O  < Ijst(.~) = I j s  t .  
H e n c e  we obta in  I j s t r  < I j s t r . s t .  

P a r t i c u l a r  a t t en t ion  shou ld  be p 'dd  to the  c a s e  when 

~'jr (J, r = 1, 2 . . . . .  n) is  a func t ion  only of Yr o r  m a y  
be c o n s i d e r e d  in g e n e r a l  to be a c o n s t a n t  c o e f f i c i e n t .  
I t  is  then e a s y  to show tha t  even  s i m u l t a n e o u s  e h ' m g e  
of a l l  the  l } a r a m e t e r s  l eads  to a r e d u c t i o n  of the  
t h rough  f lows  in compar i so l~  with t h e i r  s t a t i o n a r y -  
s t a t e  v a l u e s .  

In fact ,  on the  ba s i s  of Eq .  (3), the  flux n r ly  be 
r e p r e s e n t e d  in the f o r m  

n 

F u r t h e r ,  

, ] = 1 , 2  ..... n. 

b 

, const 
a r = l  g r  (a )  

s i n c e  t h e  v a l u e s  of a l l  the  l ) a r ' u n e t e r s  yr(a)  : Yr(a) 

and Yr(b) = Yr(b) a r e  kept  c o n s t a n t  at  the  b o u n d a r i e s  

of  the  s y s t e m .  If  we a s s u m e  that  at a l l  po in ts  x of the  

i n t e r c e p t  [a, hi, Ij(x) > I j s  t, Ij > I j s t  s t r i c t l y  for  s o m e  
poin ts ,  then 

b 

J ' l l ( X ) d x  > ; I i s t dx ,  
a g 

which  is  i m p o s s i b l e .  T h e r e  m u s t  t h e r e f o r e  e x i s t  
s o m e  ~, for  which  Ij(.~) < I j s  t .  H e n c e  

lisrx ~ l i ra .  st. 

T u r n i n g  now to a s tudy  of the  d i r e c t  i n t e r r e l a t i o n  
be tween  d i f f e r e n t  f lows,  we sha l l  e x a m i n e  (1) with 

n =  2: 
11 = Lu X~ + Lie X._,, 

I.,_ = L.,.I X~ 4- L,v,_ Xo_. 

We a s s u m e  tha t  the  s e l e c t e d  f lows  and f o r c e s  c o r -  
r e s p o n d  to the  equa t ion  

a = I~ X l  "4- I2 X,,. 

Now le t  i t  be  tha t  the  conduc t ing  s y s t e m  is  r e m o v e d  
f r o m  the  e q u i l i b r i u m  s t a t e  by the  ac t ion  of s o m e  o t h e r  
f a c t o r .  Let ,  f o r  e x a m p l e  cpl(a) ~ ~ol(b), wh i l e  ~o2(a) = 
= ~02(b) ( s e e  Eq.  (2)). In a c c o r d a n c e  wi th  th i s ,  we 

sha l l  c a l l  11 the  m a i n  flux, and 12 the  s e c o n d a r y  f lux.  
We r e p r e s e n t  t he  m a i n  f lux in the  f o r m  

1~ = ( L n - -  L~2 L._,, :L.:.,) X~ + (Lv, L.,.,2) I, 2. (6) 

H e r e ,  L,2/L22 i s  the  v a l u e  of  f lux  I1 t r a n s p o r t e d  by 
uni t  f lux  of 12 in e x c e s s  of t he  va lue  e r e a t e d  d i r e c t l y  
by f o r c e  X 1. If  we h a v e  a d i s c r e t e  s y s t e m ,  X 2 = 

=f21%(b) - ~2(a)] = 0. In the  e a s e  of a con t inuous  s y s -  
t em,  a c c o r d i n g  to the  R o l l e  t h e o r e m ,  t h e r e  a l s o  e x i s t s  

a s e c t i o n  at  which  X 2 = 0. 

When X 2 = 0, the  d i r e c t i o n s  of 11 and 12 c o i n c i d e  if 

LnL2t  > 0, and they  a r e  oppos i t e ,  if  LnL21< 0. 
A c c o r d i n g  to the O n s a g e r  r e c i p r o c a l  r e l a t i o n ,  L21 = 

= L12. T h e r e f o r e  Ln L._q = L~ L., 2 Lp, . But  LllL21 > 0, 
L .2.2 

and the  s ign  of LIIL21 is  d e t e r m i n e d  by tha t  of L12/L22. 
H e n c e  the  s e c o n d a r y  f lux 12 a lways  has  a d i r e c t i o n  
such  that  the c o n t r i b u t i o n  it  m a k e s  to Eq .  (6) i n c r e a s e s  
the  ma in  f lux I1. 

T h i s  p h e n o m e n o l o g i c a l  r u l e  is  a p p l i c a b l e  in d i f -  

f e r e n t  c a s e s ,  i ndependen t ly  of t h e i r  m o l e c u l a r - M n e t i c  

n a t u r e .  I t  e x p r e s s e s  g e n e r a l l y  what  is  c h a r a c t e r i s t i c  
for  the  i n t e r r e l a t i o n  of any i n h o m o g e n e o u s  p r o c e s s e s .  

If the  f lows a r e  dependent ,  i . e . ,  i 2 : f(I1), then the  
r e s u l t  obtaine(1 is  t r i v i a l .  T h e  c a s e s  a r e  m o r e  in-  

t e r e s t i n g  when the f lows  a r e  not  c o n n e c t e d  by the  

above  func t ion 'd  r e l a t i o n .  As  an e x a m p l e  of th is  kind 
we sha l l  e x a m i n e  t h e r m a l  o s m o s i s - - t h e  p e r c o l a t i o n  of 

a gas  t h rough  r u b b e r  m e m b r a n e  due to a t e m p e r a t u r e  
d i f f e r e n c e  [2]. 

S ince  the  t h e r m o s t a t s  which  ma in t a in  the  t e m p e r a -  

t u r e  d i f [ e r e n c e  may  be changed  by e n e r g y  only in the  
f o r m  of heat ,  it is c o n v e n i e n t  to choose ,  its P r i g o g i n c  
[3] has  clone, a s y s t e m  of f o r c e s  anti f lows such  tha t  

l l = I e - - H I  m , I~ = I  m , 

X , = - - A T / T  ~, X , = - - V A P / T .  

By m a i n t a i n i n g  the s a m e  p r e s s u r e  a t  d i f f e r e n t  t e m -  
p e r a t u r e s  on the  two s i d e s  of the m e m b r a n e ,  we 
a c h i e v e  the  cond i t ion  

X2 = - -  V A P / T  = O, X1 = - -  A T /T  2 = const =/= 0. 

T h e n  11 wi l l  r e p r e s e n t  (to an a c c u r a c y  Ul) to I2AIt) the  
h e a t  f low f r o m  the  hot  t h e r m o s t a t  to the  co ld  one,  

wh i l e  1.12/L22 = Q* is  the s o - c a l l e d  hea t  of t r a n s p o r t  
[2, 31 . 

T h e  cond i t i ons  fo r  which the  l }henomeno log ica l  r u l e  
was  f o r m u l a t e d  a r e  s a t i s f i e d ,  and we may  d r a w  the  
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following conclus ion .  Wha teve r  may be the d i r ec t ion  
of the flow of m a t t e r - - f r o m  the cold s ide  of the m e m -  
brane  to the hot side, or  v ice  v e r s a - - t h i s  flow, by 
its appearance ,  always i n c r e a s e s  the t r a n s f e r  of heat  
f r o m  the hot r e s e r v o i r  to the cold one. 

T h e r m a l  o smos i s  may  a l so  be obse rved  under  o ther  
condit ions by pe rmi t t i ng  change of the boundary va lues  
of p r e s s u r e  for the sys t em.  This  is obtained if two 
c losed  v e s s e l s  f i l led wi thgas  a r e  joined by means  of a 
m e m b r a n e  and d i f fe ren t  t e m p e r a t u r e s  a r e  main ta ined  in 

them.  The flow of m a t t e r  wil l  g radua l ly  d e c r e a s e ,  but 
at any ins tant  of t i m e  its d i r ec t i on  c o r r e s p o n d s  to the 
above ru le .  

The s a m e  r e s u I t  is  obtained for  cyc l ic  t h e r m a l  
o s m o s i s .  In o r d e r  to o b s e r v e  this phenomenon, the 

above -men t ioned  v e s s e l s  mus t  be joined in two p laces  
by m e m b r a n e s  to which c o r r e s p o n d  d i f fe ren t  heats  of 

t r anspor t ,  Q~' and Q~2 �9 Then a cyc l ic  m a s s  flow is 
c rea ted ,  which wil l  ex i s t  as long as the t e m p e r a t u r e  
d i f f e r ence  is main ta ined .  Independently of the s igns  
of Q~ and Q~, the m a s s  flow a r i s e s  in a d i rec t ion  
such as to i n c r e a s e  the heat  flow f r o m  the hot t h e r -  

mos ta t  to the cold one. 
F r o m  this  point of view, it  is i n t e r e s t i ng  to c o m -  

pa re  cyc l i c  t h e r m a l  o s m o s i s  and the t h e r m o e l e c t r i c  
ef fect .  The  two phenomena a re  outwardly and funda- 

menta l ly  s i m i l a r .  
It is k n o ~  that if the junction of two d i f fe ren t  

me ta l s  is main ta ined  at d i f fe rent  t e m p e r a t u r e s ,  a flow 
of e l e c t r i c i t y  is c r ea t ed  in addit ion to the flow of heat .  
Due to the P e l t i e r  effect,  heat  is l i be ra t ed  at one junc-  

tion and absorbed  at the o ther .  The c u r r e n t  flows in 

such a d i r ec t ion  that  heat  is  absorbed  in the hot junc-  
tion and l i be ra t ed  at the cold one. In o ther  words ,  the 
phenomenon of the e l e c t r i c  c u r r e n t  i s  a s soc i a t ed  with 

an i n c r e a s e  of heat  flow f rom the hot s o u r c e  to the 
cold.  

Thus, if, under  the act ion of s o m e  fac to r  or  other  
(in our example s  a t e m p e r a t u r e  d i f ference) ,  a con-  
ducting s y s t e m  is brought  f r o m  an equ i l i b r ium s ta te  
into a nonequ i l ib r ium s t a t iona ry  state,  then a s econ -  

dary  p r o c e s s  occu r s  and is d i r e c t e d  in such a way as 
to i n c r e a s e  the main  p r o c e s s .  

NOTATION 

a, b a r e  the coord ina te s  of or ig in  and end of one-  
d imens iona l  conducting sys t em;  I j s t  is the flux Ij in 
the s t a t ionary  s ta te ;  I j s t r  is the through flux c o r r e -  
sponding to Ij in the nons ta t ionary  s ta te ;  I e is the total  
energy  flux; I m is the m a s s  flux e x p r e s s e d  in moles ;  
a is a quantity de sc r i b ing  the r a t e  of entropy p roduc-  

tion; T is the  t e m p e r a t u r e  on one s ide of m e m b r a n e ;  
AT is the t e m p e r a t u r e  d i f f e r ence  between two s ides  of 
m e m b r a n e ,  sma l l  in com pa r i son  with T; P, AP a r e  

the p r e s s u r e  and sma l l  p r e s s u r e  d i f f e r ence  on tw0 
s ides  of membrane ,  r e s p e c t i v e l y ;  V is the mole  voI-  
ume of gas at inlet  s ide of m e m b r a n e ;  H and AH a re  
the mo la r  enthalpy of gas at inlet  s ide of membrane ,  
and d i f f e r ence  in mo la r  enthalpies  on two s ides  of 

membrane ,  r e s p e c t i v e l y .  
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